We study the Goussarov-Habiro finite type invariants theory for framed string links in homology balls. Their degree 1 invariants are computed: they are given by Milnor's triple linking numbers, the mod 2 reduction of the Sato-Levine invariant, Arf and Rochlin's µ invariant. These invariants are seen to be naturally related to invariants of homology cylinders through the so-called Milnor-Johnson correspondence: in particular, an analogue of the Birman-Craggs homomorphism for string links is computed.
Motivations
In the late 90's, M. Goussarov and K. Habiro independently developed a finite type invariants theory for compact oriented 3-manifolds (possibly with links). The theory makes extensively use of an efficient surgical calculus machinery called calculus of claspers [G, GGP, H] . In particular the Y k -equivalence, an equivalence relation for 3-manifolds arising from calculus of clapers, plays an important role in the understanding of the invariants. Both Goussarov and Habiro payed a particular attention to homology cylinders, which are homology cobordisms over a compact connected oriented surface Σ with an extra homological triviality condition [GL, L1] . They indeed serve as a tool for the study of the Torelli Group of Σ via the mapping cylinder construction. G. Massuyeau and the author explicitely computed their degree 1 invariants [MM] : they are given by the natural extensions of the first Johnson homomorphism an the Birman-Craggs homomorphism, initially defined for the Torelli group [BC, J3] . This computation is the outcome of the characterization of the Y 2 -equivalence relation for these manifolds.
The extensions of Johnson homomorphisms to homology cylinders were also studied by N. Habegger. It is shown in [Ha] that homology cylinders are geometrically related to string links in homology balls, and that Johnson homomorphisms agree with Milnor invariants under this correspondence (up to a shift of index). In particular, the first Johnson homomorphism for homology cylinders corresponds to Milnor's triple linking numbers. So the question which naturally arises is the following: What is the analogue of the Birman-Craggs homomorphism for this socalled Milnor-Johnson correspondence ? Answering this question involves an explicit computation of the degree one invariants (in the Goussarov-Habiro sense) for framed string links in homology balls, by characterizing the Y 2 -equivalence relation for these objects.
The paper is organized as follows. We will begin with some necessary preliminary material on clasper theory and Boolean polynomials. Next, we will state in §3 a couple of results on the Goussarov-Habiro theory for framed string links in homology balls, namely the characterization of Y 2 -equivalence and the computation of degree 1 invariants for these objects. §4 is devoted to the proofs of these results, together with a precise definition of the invariants they involve. In the last section, we introduce homology cylinders and answer the above-stated question on the Milnor-Johnson correspondence.
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Preliminaries
Troughout this paper, all 3-manifolds will be supposed to be compact, connected and oriented.
2.1. A brief review of the Goussarov-Habiro theory. Let us briefly recall from [H, GGP, G] the basic notions of clasper theory for 3-manifolds with links.
Definition 2.1. Let L be a n-component link in a 3-manifold M . A clasper G for (M, L) is the embedding G : F -M of a surface F which is the planar thickening of a uni-trivalent graph having a copy of S 1 attached to each of its univalent vertices. 1 The (thickened) circles are called the leaves of G, the trivalent vertices are the nodes of G and we still call edges of G the thickened edges of the graph. G is disjoint from the link L.
In particular, a tree clasper is a connected clasper obtained from the thickening of a simply connected unitrivalent graph (with circles attached). The degree of a connected clasper G is the number of nodes, and in the general case it is the minimal degree of its connected components.
A clasper G for (M, L) is the instruction for a modification on this pair. There is indeed a precise procedure to construct, in a regular neighbourhood N (G) of the clasper, a framed link L G associated to the clasper: modifying (M, L) along the clasper G is just doing surgery along L G . Though the procedure for the construction of L G will not be explained here, it is well illustrated by the two examples of We respectively call Y -graphs and H-graphs these two particular types of claspers. We denote by (M, L) G = (M G , L G ) the result of a surgery move on (M, L) along a clasper G:
1 A uni-trivalent graph is a non-necessarily connected graph having only univalent and trivalent vertices.
2 Here and throughout this paper, blackboard framing convention is used.
Definition 2.2. Let k ≥ 1 be an integer, and L be a link in a 3-manifold M . A surgery move on (M, L) along a connected clasper G of degree k is called a Y k -move. The Y k -equivalence, denoted by ∼ Y k , is the equivalence relation on 3-manifolds with links generated by the Y k -moves and orientation-preserving diffeomorphisms (with respect to the boundary).
Note that Y 1 -moves originally appear in [Mt] under the name of Borromean surgery (as Fig. 2.1 suggests) . The next proposition outlines a couple of key facts about this equivalence relation.
Proposition 2.3.
(1) Tree claspers do suffice to define the Y k -equivalence.
The problem of characterizing the Y k -equivalence relation in terms of invariants is solved for k = 1 and 2 in the case of closed manifolds, by S. Matveev and G. Massuyeau respectively [Mt, M2] . The case k = 2 is also well understood for homology cylinders, see §5.1.
We conclude this section with the definition of the Goussarov-Habiro theory, based on the notion of clasper. Consider a link L 0 in a 3-manifold M 0 , and the Y 1 -equivalence class M 0 of (M 0 , L 0 ).
Definition 2.4. Let A be an Abelian group, and k ≥ 0 be an integer. A finite type invariant of degree k (in the Goussarov-Habiro 
, the following equality holds:
If two elements of M 0 are Y k+1 -equivalent, it is known that they are not distiguished by any finite type invariant of degree ≤ k [H] .
2.2. Boolean polynomials. Let Σ = Σ g,n be an arbitrary compact connected surface of genus g with n boundary components, and set H(Σ) := H 1 (Σ; Z).
Recall that the set Spin(Σ) of spin structures on Σ can be thought of as
is the unit tangent bundle of the surface. Spin(Σ) is an affine space over H 1 (Σ; Z 2 ), with action given by
Thus, among the maps Spin(Σ) -Z 2 , there are the affine functions, and more generally there are the Boolean polynomials which are defined to be sums of products of affine ones (see [J2, §2] ). These polynomials form a Z 2 -algebra denoted by B(Σ), which is filtered by the degree (defined in the obvious way):
For instance, B (1) (Σ) is the space of affine functions on Spin(Σ): the constant function 1 : Spin(Σ) -Z 2 sending each σ to 1 and, for h ∈ H(Σ), the function h sending each σ to < σ,h >, are elements of B (1) (Σ). Here,h ∈ H 1 (U Σ; Z 2 ) is the canonical lift of h, as defined by D. Johnson in [J1, §3] . More precisely, if h is represented by a simple closed curve c on Σ, denote by c the lift of c in U Σ given by framing it with its unit tangent vector field, and denote by z the fiber class. Theñ h is the homology class of c + z.
where denotes the intersection form on H(Σ). The following equality follows:
Moreover, denote by r the rank of the Z-module H(Σ). For any basis (e i ) r i=1 of H(Σ), there is an isomorphism of algebras
t 2 i = t i sending 1 to 1 and e i to t i .
Remark 2.5. Note that, as a consequence of (2.1) and (2.2), there is a well-defined
Notations 2.6. Here, and throughout the rest of the paper, we set H g,n := H 1 (Σ g,n ; Z) and (H g,n 
Moreover, we will denote by B g,n := B(Σ) g,n the Z 2 -algebra of Boolean polynomials on Spin(Σ g,n ). When dealing with the case Σ 0,n+1 of the n-punctured disk, the subscript {0, n+ 1} will be often ommited.
3. Degree 1 finite type invariants for string links in homology balls.
3.1. String links. Let D 2 be the standard two-dimensional disk, and x 1 , ..., x n be n marked points in the interior of D 2 .
Definition 3.1. A n-component string link in a homology ball M , also called nstring link, is a proper, smooth embedding σ :
of n disjoint copies I i of the unit interval such that, for each i, the image σ i of I i runs from (x i , 0) to (x i , 1) via the identification ∂M = ∂(D 2 × I). σ i is called the i th string of σ. It is equipped with an (upward) orientation induced by the natural orientation of I. A framed n-string link in M is a string link equipped with an isotopy class of nonsingular sections of its normal bundle, whose restriction to the boundary is fixed.
We denote by SL hb (n) the set of n-string links in homology balls, considered up to diffeomorphism relative to the boundary. Given two elements (M, σ) and (M ′ , σ ′ ) of SL hb (n), we can define their product (M, σ) · (M ′ , σ ′ ) by stacking σ ′ over σ in M ·M ′ , the homology ball obtained by identifying Σ×{1} ⊂ ∂M and Σ×{0} ⊂ ∂M ′ . This product induces a monoid structure on SL hb (n) with (D 2 × I, 1 n ) as unit element, where 1 n is the trivial n-string link.
Notations 3.2. Throughout this paper, D 2 n will denote the n-punctured disk D 2 \ {x 1 , ..., x n }. H := H 1 (D 2 n , Z) will denote its first integral homology group, and H (2) := H 1 (D 2 n , Z 2 ). The notation 1 D 2 will be often used for the product D 2 × I.
Let (M, σ) ∈ SL hb (n). We denote byM := M ∪ −(D 2 × I) the homology sphere obtained, via the identification ∂M = ∂(D 2 × I), by attaching D 2 × {ǫ} ⊂ ∂M and D 2 × {(1 − ǫ)} ⊂ ∂(D 2 × I) (ǫ = 0, 1) and by identifying the ∂D 2 × I's. At the string links level, this operation maps σ ⊂ M to a framed oriented n-component linkσ ⊂M . (M ,σ) is called the closure of (M, σ). In particular, for M = 1 D 2 , we recover the usual notion of closure for σ [HL] .
Given an element (M, σ) of SL hb (n), we denote by M σ := M \ σ the exterior of the string link : the boundary of M σ is identified with ∂(D 2 n × I). Let i 0 and i 1 be the inclusions
By a theorem of Stallings [St] , the map i ǫ induces an isomorphism at the level of each nilpotent quotient of the fundamental group:
where F stands for the free group on n generators, and F k is the k th term of its lower central series. So an element of SL hb (n) induces an automorphism of F/F k+1 , called its k th Artin representation
the submonoid of all n-string links inducing the identity on F/F k+1 . Note that SL hb (n) = SL hb (n) [1] and that (M, σ) ∈ SL hb (n) [2] if and only if σ has vanishing framings and linking numbers [HM] .
Y k -equivalence for framed string links in homology balls. Denote by SL hb k (n) the submonoid of all elements (M, σ) ∈ SL hb (n) which are Y k -equivalent to (1 D 2 , 1 n ). There is a descending filtartion of monoids
is an Abelian group (this follows from standard calculus of claspers). This section is dedicated to the study of the case k = 1.
Proposition 3.3. The elements of SL hb 1 (n) are those n-string links in homology balls having null-homologous longitudes, that is, string links with vanishing framings and linking numbers:
(the proof is postponed to the end of this section). Further, we give in the next paragraph Further, we will compute, in a graphical way, the Abelian group SL hb 1 (n): the computation of the degree 1 invariants will follow.
3.2. Statement of the results. In §4.1, we will define a certain Y-shaped diagrams space A 1 (P ), and a surgery map
n ), for every integer k. We can form the following pull-back:
We will recall in §4.2.2 that all Milnor's triple linking numbers can be summarized in a homomorphism of monoids SL hb
Moreover, we will define another group homomorphism
whose definition involves the mod 2 reduction of both µ 3 and the Sato-Levine invariant β, the Arf invariant and Rochlin's µ-invariant. These invariants will be detailed in §4.2. The following theorem is proved from the previous material.
Theorem 3.4. The diagram
commutes, and all of its arrows are isomorphisms.
The following is an easy consequence of Theorem 3.4, characterizing the degree 1 Goussarov-Habiro finite type invariants for string links in homology balls.
Corollary 3.5. Let (M, σ) and (M ′ , σ ′ ) be two n-string links in homology balls with vanishing framings and linking numbers (i.e. two elements of SL hb 1 (n)). Then, the following assertions are equivalent: 
is obtained from (1 D 2 , 1 n ) by surgery along a degree 1 clasper G. We can suppose that G is connected without loss of generality : G is a Y -graph, as in the left part of Fig. 2 .1. Denote by M σ the exterior M \ σ of the string link. We thus have
where j : H 3 ⊂ -1 D 2 \ 1 n is the embedding of a genus 3 handlebody onto a regular neighbourhood N (G) of G, and where h is an element of the Torelli group of Σ 3 = ∂H 3 . 3 h induces the identity on π 1 (Σ 3 )/π 1 (Σ 3 ) 2 : it follows (by a Van Kampen type argument) that there is an isomorphism
which is compatible with the maps i ε ; ε = 0, 1. This proves the inclusion SL hb
In order to show the other inclusion, we first recall that every homology sphere is Y 1 -equivalent to the 3-sphere S 3 [Mt, H] ; likewise every homology ball is Y 1equivalent to B 3 ∼ = D 2 × I. So it suffices to show that a framed string link σ in D 2 ×I whose framings and linking numbers are all zero is Y 1 -equivalent to (1 D 2 , 1 n ). By a sequence of connected sums on σ with copies of the 0-framed Borromean link, we can furthermore suppose that all Milnor's triple linking numbers are zero: such connected sums are nothing else but Y 1 -moves (each leaf of the clasper being a meridian of the string on which connected sum is performed). By [L2, Thm. D] , σ is thus surgery equivalent to the trivial string link, that is, σ is obtained from 1 n by a sequence of surgeries on trivial (±1)-framed knots K i in the exterior of σ, these knots having vanishing linking numbers with σ. The union ∪ i K i is a (±1)-framed boundary link: surgery on such a link is known to be equivalent to a sequence of Y 1 -surgeries [Ha, Cor. 6 .2]. 4. Degree 1 invariants for string links: proof of Theorem 3.4 4.1. Combinatorial upper bound. This section is devoted to the definition of the diagram space A 1 (P ), the isomorphism ρ and the surgery map ψ announced in §3.2.
4.1.1. The Abelian group A 1 (P ). These objects are actually very similar to those appearing in [MM] : let us recall some material introduced in this paper, to which the reader is refered for more details.
The functor A 1 . First, recall that an Abelian group with special element (or just special Abelian group) is a pair (G, s) where G is an Abelian group and s ∈ G is of order at most 2. The category of special Abelian groups is denoted by Ab s . Denote by Ab the category of Abelian groups ; we have a functor Ab s
A1
-Ab defined in the following way. For (G, s) an object in Ab s , A 1 (G, s) is the free Abelian group generated by Y-shaped unitrivalent graphs, whose trivalent vertex is equipped with a cyclic order on the incident edges and whose univalent vertices are labelled by G, subject to some relations. The notation
will stand for the Y -shaped graph whose univalent vertices are colored by z 1 , z 2 and z 3 ∈ G in accordance with the cyclic order, so that our notation is invariant under cyclic permutation of the z i 's. The relations are the following ones:
Note that a consequence of these relations is the Antisymmetry relation
Example 4.1.
(1) As outlined in [MM] , any Abelian group G has a natural special Abelian group structure with its unit element 0 as special element. In this case, we have:
(2) For any surface Σ, the Z 2 -algebra B(Σ) of Boolean polynomials satisfies
where the isomorphism is given by multiplying the labels of the diagrams. This is a consequence of [M2, Lem. 6.2], which generalizes [MM, Lem. 4.21] .
The special Abelian group P Σ . Let Σ g,n be an arbitrary compact connected oriented surface of genus g with n boundary components. Consider the special Abelian group P g,n := (H 1 (F (Σ g,n × I); Z) , s) , where F (Σ g,n × I) denotes the bundle of oriented frames of (Σ g,n × I)
Some key facts about P g,n are given in [MM, Lemma 2.7 ]. We can sum them up as follows:
Lemma 4.2. a) P g,n is canonically isomorphic to the special Abelian group defined by the pull-back construction
? whose projections are denoted by p and e, and where κ is the composition
b) Let K be the monoid of all oriented framed knots in (Σ g,n × I). There is a surjective homomorphism of monoids
which sends the k-framed trivial oriented knot (k ∈ Z) to k · s.
Thus, any element z of P g,n can be written as
with h ∈ H g,n and ε ∈ {0, 1}. Now, we can consider the image of P g,n under the functor A 1 . The space of diagrams A 1 (P ) annouced in §3.2 is the Abelian group A 1 (P g,n ) in the case where Σ g,n is the n-punctured disk D 2 n ∼ = Σ 0,n+1 . In the following, when dealing with this particular surface, we will not mention it in our notations: P := P 0,n+1 . 4.1.2. The isomorphism ρ. In the general case, an algebraic interpretation of A 1 (P g,n ) can be given as follows. By functoriality, we have a natural map
As we have seen in Example 4.1, the target space of ρ is isomorphic to
Lemma 4.3. The map ρ :
Proof. We proceed as in [MM, Lem. 4.24 ] (see also [M2, Lem. 6.3] ). ρ being clearly well-defined, it suffices to construct an epimorphism
such that ρ • ǫ is the identity. The choice of a basis (e i ) i of H g,n determines an isomorphism between B
(3) g,n and Λ 3 (H g,n ) (2) ⊕Λ 2 (H g,n ) (2) ⊕(H g,n ) (2) ⊕Z 2 , and thus between Λ 3 H g,n × Λ 3 (Hg,n) (2) B
(3) g,n and Λ 3 H g,n ⊕ Λ 2 (H g,n ) (2) ⊕ (H g,n ) (2) ⊕ Z 2 . We define ǫ by putting ǫ(e i ∧ e j ∧ e k ) = Y[(e i , e i ); (e j , e j ); (e k , e k )], with 1 ≤ i < j < k ≤ 2g, ǫ(e i ∧ e j ) = Y[(e i , e i ); (e j , e j ); (0, 1)], with 1 ≤ i < j ≤ 2g, ǫ(e i ) = Y[(e i , e i ); (0, 1); (0, 1)], with 1 ≤ i ≤ 2g, ǫ(1) = Y[(0, 1); (0, 1); (0, 1)].
ǫ is well-defined, and clearly satisfies ρ • ǫ = Id. The surjectivity of ǫ follows from the multilinearity and slide relations. 4.1.3. The surgery map ϕ 1 . Going back to the case Σ g,n = D 2 n , we now construct the surgery map
where φ(Y) is a degree 1 connected clasper (a Y -graph) for (D 2 × I, 1 n ) constructed from the informations contained in the diagram Y: Consider three disjoint oriented framed knots K i , for i = 1, 2, 3, in the interior of (D 2 × I) \ 1 n ∼ = (D 2 n × I) such that t Ki = z i ∈ P (this is possible as t is surjective -see Lem. 4.2(b)). Next, pick an embedded 2-disk D in the interior of (D 2 n × I) and disjoint from the K i 's, orient it in an arbitrary way, and connect it to the K i 's with some bands e i . These band sums have to be compatible with the orientations, and to be coherent with the cyclic ordering (1, 2, 3).
Proposition 4.4. Let Y be a generator of A 1 (P ). The Y 2 -equivalence class of (D 2 × I, 1 n ) φ(Y) does not depend on the choice of φ(Y) (obtained by the above construction). Hence, we have a well-defined, surjective surgery map
The proof is strictly the same as the proof of [MM, Thm. 2.11] , and essentially uses Lemma 4.2(b) and some calculus of claspers. In particular, the independance on the choice of φ follows from facts similar to [GGP, Cor. 4.2 and 4.3, Lem. 4.4 ].
4.2.
Classical invariants for string links in homology balls. is a well-defined closed spin 3-manifolds invariant called the Rochlin invariant (in particular, it doesn't depend on the choice of W ). In the case of homology spheres, there is a unique spin structure s 0 , and Roch(M, s 0 ) is divisible by 8:
is an invariant of homology spheres called Rochlin's µ-invariant.
One can define a notion of µ-invariant for elements (M, σ) of SL hb (n) by setting
where the homology sphereM is the closure of M as defined in §3. 
n in the boundary of M σ = M \ σ induce an isomorphism at the level of each nilpotent quotient of the fundamental group. The framing on σ defines a curve in M σ parallel to σ i , which determines an element of π 1 (M σ ). The coresponding element by (i 1 ) −1 ⋆ is denoted by λ i = λ (n) i ∈ F/F n , and is called the i th longitude of σ mod F n . Denote by P (n) the ring of power series in the non-commutative variables X 1 , ..., X n . The Magnus expansion [MKS] is a group homomorphism F = F (n) -P (n) which maps each generator x i of F to 1 + X i .
Definition 4.6. The Milnor's µ-invariant of length l, µ i1...i l of σ is the coefficient of the monomial X i1 ...X i l−1 in the Magnus expansion of the longitude λ i l , considered in F/F n for a certain n ≥ l.
For example, Milnor's invariants of length 2 are just the linking numbers. Here, we focus on Milnor's invariants of length 3, also called Milnor's triple linking number.
Define, for all i < j < k ∈ {1, ..., n}, the homomorphism 4 of monoids µ ijk : SL hb 1 (n) → Z.
Lemma 4.8 below allows us to conclude with the following proposition-definition. 
compatible with the inclusions i ε ; ε = 0, 1.
Proof. The isomorphism is obtained by a Van-Kampen type argument, by looking at the manifold M σ G as follows. to a (±1)-framing correction, one can push disjointly K 3 , K 1 and then K 2 to the boundary of H 4 . We obtain some simple closed curves on Σ 4 = ∂H 4 , which are bounding curves. Therefore, twist along each of these curves induces the identity at the level of π 1 (Σ 4 , * )/π 1 (Σ 4 , * ) 3 .
4 In general, the homomorphism defect is given by linking numbers, so it vanishes for elements of SL hb 1 (n). 5 The 10-component surgery link associated to G, depicted in Figure 2 .1, is indeed Kirbyequivalent to L. 4.2.3. The Arf Invariant. Let K be a knot in a homology sphere M , and S be a Seifert surface for K of genus g. Denote by the mod 2 reduction of the homological intersection form on H 1 (S, Z 2 ). Let δ 2 : H 1 (S, Z 2 ) -Z 2 be the map defined by δ 2 (α) = lk(α, α + )(mod 2), where α + is a parallel copy of α in the positive normal sense of S (for a fixed orientation of M ). δ 2 is a quadratic form with as associated bilinear form: the Arf invariant of the knot K [R] is the Arf invariant of δ 2 , that is, for a given symplectic basis {a 1 , b 1 , ..., a g , b g } for
For elements of SL hb 1 (n), the Arf invariant is defined as follows. For an integer 1 ≤ i ≤ n, denote by a i (M, σ) the Arf invariant ofσ i , the i th component of the link σ ∈M : a i (M, σ) := Arf (σ i ).
We clearly have the following proposition-definition:
Proposition 4.9. For any integer 1 ≤ i ≤ n, the map a i : SL hb 1 (n) -Z 2 is a homorphism of monoids, called the i th Arf invariant of (M, σ).
Further, this invariant happens to behave well under a Y 2 -move.
Proposition 4.10. The Arf invariant of knots in homology spheres is invariant under a Y 2 -move. As a consequence, for any 1 ≤ i ≤ n, the i th Arf invariant of string-links in homology balls factors to a homomorphism of Abelian groups
Proof. Let K be a knot in a homology sphere M , and let S be a Seifert surface for K. Let G be a degree 2 clasper for (M, K) ; thanks to Prop. 2.3(2), we can suppose that G is a H-graph (a degree 2 tree clasper). It suffices to show that
Denote by N a regular neighbourhood of G, which is a genus 4 handlebody, and recall from Fig. 4 .1 the 2-component link L associated to G. K being disjoint from G, we can suppose that it is also disjoint from N . But S may intersect N : we can suppose that it only happens at the level of handles D 2 × I of the handlebody N , along copies of D 2 × {t} ; t ∈ I. When S intersects N along such a disk, it also intersects the link L at two points: a new Seifert surface S ′ for K, disjoint from L, is obtained by adding a tube (as shown in the left part of Fig. 4.2(a) . Such an addition of tube doesn't affect the Arf invariant of K: if we denote by (m, l) a pair meridian/longitude for this tube, we have indeed δ 2 (m)δ 2 (l) = 0, such a meridian m having vanishing self-linking (δ 2 (m) = 0). We must also show that this pair does not contribute to the Arf invariant of (K) G . In other words, if we denote by (m ′ , l ′ ) the image of (m, l) after surgery on L, we must show that δ 2 (m ′ )δ 2 (l ′ ) = 0. Observe that the meridian m can be isotoped in a small ball B of N where the crossing between L 1 and L 2 occurs -see Fig. 4.2(a) . Thus, surgery on L sends m to a a curve m ′ , which is a parallel copy of L 2 outside of B, as shown in Fig. 4.2(b) : we have δ 2 (m ′ ) = lk(m ′ , (m ′ ) + ) = 0. The general case, where S intersects the handles of N more than once, is solved by the same method. Note that this makes sense as, by Prop. 3.3, elements of SL hb 1 (n) have vanishing linking numbers. Moreover, β ij is additive.
Proposition 4.12. ∀ 1 ≤ i < j ≤ n, the map β ij : SL hb 1 (n) -Z is a homomorphism of monoids, called the Sato-Levine invariant β i,j .
Note that the Sato-Levine invariant is not invariant under Y 2 -moves : for example, it takes value 2 on the string link σ depicted below, obtained by surgery on (1 D 2 , 1 n ) along a H graph whose leaves are meridians of 1 n as depicted.
σ But it turns out that it is the case for its mod 2 reduction.
Proposition 4.13. The mod 2 reduction of the Sato-Levine invariant of links in homology spheres is invariant under a Y 2 -move. In particular, for any 1 ≤ i < j ≤ n, the Sato-Levine invariant β i,j of string-links in homology balls factors to a homomorphism of Abelian groups
Proof. Let K ∪ K ′ be a 2-component oriented link with linking number 0 in a homology sphere M . Let G be a degree 2 clasper for (M, K ∪ K ′ ) (which, as in the preceding proof, can be supposed to be a H-graph) , and N be a regular neighbourhood of G. We must show that
We denote respectively by S and S ′ a Seifert surface for K and K ′ : S ∩ S ′ = C 1 ∪ ... ∪ C n = C. As in the proof of Prop. 4.10, consider in N the 2-component surgery link L = L 1 ∪ L 2 associated to G. K and K ′ are supposed to be disjoint from N : the handles D 2 × I of N may intersect S and S ′ along disks D 2 × {t}. When such an intersection between (say) S and N (and thus L) occurs, add in N a tube to the surface such that the new surface is disjoint from L (see Fig. 4 .2). We denote byC the set of elements of S ∩ S ′ which are possibly created (in N ) under this addition of tube : S ∩ S ′ = C ∪C. Clearly, these elements are copies of a meridian of this tube, that is, a meridian m of a component of L. An example of such a situation is given in Figure 4 SoC is a finite number of copies of small meridians of L 1 and L 2 . We clearly have lk(C, C + ) = lk(C,C + ) = lk(C,C + ) = 0. It remains to prove that, after surgery along L, the elements ofC ⊂ S ∩ S ′ do not also contribute to β (2) (K ∪ K ′ ).
-Suppose thatC = {m}, where m is a meridian of any of both components. Denote by c its image after surgery on G: as seen in the proof of Prop. 4.10, we have lk(c, c + ) = 0.
-Now, consider the caseC = {m 1 , m 2 }, a pair of meridians of L 1 and L 2 . An example is given by the situation of Fig. 4.4(a) . Again, surgery on G sends (m 1 , m 2 ) to a pair of curves (c 1 , c 2 ), which are parallel copies of L 1 and L 2 outside of a ball of N where the crossing between L 1 and L 2 occurs -see Fig. 4.4(b) . Thus, c 1 and c 2 satisfy
. It follows that the mod 2 reduction of β remains unchanged. The general case, whereC consists in several copies of m 1 and m 2 , is proven the same way. 4.3. Characterization of Y 2 -equivalence for string links. We now prove Theorem 3.4. So far, we showed in §4.1 that there exist a space of diagrams A 1 (P ), an isomorphism of Abelian groups ρ : Consider in D 2 \ {x 1 , ..., x n } the n oriented curves h i defined by a collar of the n boundary components created by the removal of the standard points (see Fig. 5 .1). We denote by {e 1 , ..., e n } the associated basis of H = H 1 (D 2 \ {x 1 , ..., x n }; Z). Let 
ijk denotes the mod 2 reduction of Milnor's triple linking number µ ijk , and for all h ∈ H, h is the element of B (1) defined in §2.2. It follows from Propositions 4.5, 4.7, 4.10 and 4.13 that this well-defined map factors to a homomorphism of Abelian groups
Lemma 4.14. The following diagram commutes:
Proof. This Lemma is proved by showing that τ (ϕ 1 (Y)) = A 1 (e) (Y) for every generator Y of A 1 (P ). P being generated by (0, 1) and (e i , e i ), i = 1, ..., n, there are four distinct types of generators Y for A 1 (P ) (thanks to the Slide relation), listed below (1 ≤ i < j < k ≤ n) : we prove that, in these four cases, τ (ϕ 1 (Y)) = A 1 (e) (Y). 1. Y = Y[(0, 1); (0, 1); (0, 1)] In this case, A 1 (e) (Y) = 1 ∈ B (3) . On the other hand, a representative for ϕ 1 (Y) ∈ SL hb 1 (n) is obtained from (1 D 2 , 1 n ) by surgery along a Y -graph G whose three leaves are unknotted and (+1)-framed (these are refered to as special leaves in [GGP]), and we can suppose that it is contained in a ball B ⊂ 1 D 2 disjoint from 1 n . Set (M, σ) := (1 D 2 , 1 n ) G , it follows that (M, σ) ∼ = (P, 1 n ), where P is the homology ball obtained from B 3 by surgery on a (−1)-framed Borromean ring: the closure of P is thus the Poincaré sphere, so R (M, σ) = 1. Moreover,
where the three leaves of G are small meridians of the i th string (1 n ) i of 1 n . Thus (1 D 2 , 1 n ) G ∼ = (1 D 2 , T i ), where T i only differs from 1 n by a copy of the trefoil on the i th string -see the Fig. 4 .5(a). We have a r (1 D 2 , T i ) = δ r,i , and
3. Y = Y[(e i , e i ); (e i , e i ); (e j , e j )] In this third case, a representative for ϕ 1 (Y) is obtained from (1 D 2 , 1 n ) by surgery along a Y -graph G having two copies of a meridian of (1 n ) i and one copy of a meridian of (1 n ) j as leaves: (1 D 2 , 1 n ) G ∼ = (1 D 2 , w ij ), where the i th and j th strings of w ij form a Whitehead link, see Fig. 4.5(b) . The Sato-Levine invariant of the Whitehead link being 1, we obtain β (2) rs (1 D 2 , w ij ) = δ (r,s),(i,j) , and
It follows that τ • ϕ 1 (Y) = e i .e j , which coincides with A 1 (e) (Y).
4. Y = Y[(e i , e i ); (e j , e j ); (e k , e k )] A representative for ϕ 1 (Y) is (1 D 2 , σ ijk ), obtained from 1 n by performing a connected sum on strings σ i , σ j and σ k with the three components of a Borromean ring, see Fig. 4.5(c) . It follows that µ abc (σ ijk ) = 1 for (a, b, c) = (i, j, k), and 0 otherwise. Moreover,
We thus obtain τ (ϕ 1 (Y)) = e i .e j .e k = A 1 (e) (Y) ∈ B (3) , which completes the proof. Furthermore, we can define by Prop. 4.5 a homomorphism of Abelian groups
The following lemma is a direct consequence of some computations given in the preceding proof (Case 4).
Lemma 4.15. The following diagram commutes:
Lemma 4.15 and Lemma 4.14 can then be summarized in the commutativity of the following diagram:
It follows that ϕ 1 is injective, and is thus an isomorphism: the same holds for (µ 3 , τ ). This completes the proof of Theorem 3.4. (n) f -A gives a degree 1 invariant. Let (M, σ) be a nstring link in a homology ball and let G 1 , G 2 be some disjoint Y -graphs for (M, σ). We aim to show that:
. Equation (4.1) follows then from the additivity of f . Assertion (3)=⇒(1) is a direct consequence of Theorem 3.4.
On the Milnor-Johnson correspondence
In this section, we study the relation between the above results on the Goussarov-Habiro theory for framed string links in homology balls and the results of [MM] dealing with this theory for homology cylinders. Let us start with a short reminder on the latter. 5.1. Homology cylinders. Let Σ g,1 be a compact connected oriented surface of genus g with 1 boundary component. We make use of Notations 2.6.
Definition 5.1. A homology cobordism over Σ g,1 is a triple (M, i + , i − ) where M is a compact oriented 3-manifold and i ± : Σ g,1 -M are oriented embeddings with images Σ ± , such that:
The set of homology cobordisms up to orientation-preserving diffeomorphisms is denoted by C(Σ g,1 ), and HC(Σ g,1 ) denotes the subset of homology cylinders. They are equipped with a structure of monoid, with product given by the stacking product and with 1 Σg,1 := (Σ g,1 × I, Id, Id) as unit element.
There is a descending filtration of monoids
is the submonoid of all homology cobordisms which are Y k -equivalent to 1 Σg,1 . In particular, C 1 (Σ g,1 ) = HC(Σ g,1 ). Moreover, for every k ≥ 1, the quotient monoid C k (Σ g,1 ) := C k (Σ g,1 )/Y k+1 is an Abelian group (this follows from calculus of claspers). A motivation for the study of homology cylinders is their relation with the mapping class group of the surface, lying on the homomorphism of monoids
sending each h in the Torelli group of Σ g,1 to the mapping cylinder C h = (Σ g,1 × I, Id, h).
5.2.
Degree 1 invariants for homology cylinders. Recall from §2.2 the graded Z 2 -algebra B g,1 of Boolean polynomials on Spin(Σ g,1 ). Actually, as a consequence of (2.2), we have in particular B g := B(Σ g ) ≃ B(Σ g,1 ).
As in §4.1, we can consider the special Abelian group P g,1 , and thus the Abelian group A 1 (P g,1 ) which is canonically isomorphic to the pull-back
In [MM] , a surjective surgery map ψ 1 : A 1 (P g,1 ) -C 1 (Σ) was constructed. Its definition is strictly the same as the definition of ϕ 1 in §4.1, by replacing the manifold (D 2 n × I) by (Σ g,1 × I). Recall now from [J3] the first Johnson homomorphism and the Birman-Craggs homomorphism
introduced by D. Johnson for the computation of the Abelianized Torelli group. These homomorphisms extend naturally to homology cylinders, that is, they factor through the mapping cylinder construction C. Theorem 5.3. There exists a bijection between the sets HC(Σ g,1 ) and SL hb 1 (2g) which produces an isomorphism of Abelian groups b : C 1 (Σ g,1 ) ≃ -SL hb 1 (2g) such that the first Johnson homomorphism η 1 and the Birman-Craggs homomorphism β correspond respectively to the homomorphisms µ 3 and τ of Theorem 3.4.
The proof is given in the next subsection. In particular, we give an alternative proof for the statements overlaping Habegger's result, based on the theory of claspers. 5.3.2. Proof of theorem 5.3. Let us recall from [Ha] the construction on which the Milnor-Johnson correpondence lies.
Notations 5.4. Denote by B g,1 := {a 1 , b 1 , ..., a g , b g } the basis of H 1 (Σ g,1 , Z) induced by the curves x 1 , y 1 , ..., x g , y g on Σ g,1 , and denote by A 1 , B 1 , ..., A g , B g the associated handle decomposition of Σ g,1 (see the left part of Fig. 5.1) . Likewise, for the 2g-punctured disk D 2 2g ∼ = Σ 0,2g+1 , denote by B 0,2g+1 := {e 1 , ...e 2g } the basis of H 1 (Σ 0,2g+1 , Z) induced by the curves h i of Fig. 5.1 and consider 
. We still make use of Notations 2.6 : the subscript {g, 1} (resp. {0, 2g + 1}) refers to the surface Σ g, (resp. the 2g-punctured disk Σ 0,2g+1 ). The absence of subscripts will concern general facts holding for both surfaces.
We identify Σ g,1 × I with Σ 0,2g+1 × I using the diffeomorphism F defined by the g isotopies exchanging, in Σ g,1 × I, the second attaching region of the handle A i × I and the first attaching region of the handle B i × I. The curves x 1 , y 1 , ..., x g , y g on Σ g,1 , decomposed into handles A 1 , B 1 , ..., A g , B g , and the curves h 1 , ...h n on Σ 0,2g+1 , decomposed into handles
Now, the product Σ 0,2g+1 × I can be thought of as (the closure of) the complementary of the 0-framed trivial 2g-string link 1 2g in D 2 × I. This defines a bijection between the sets HC(Σ g,1 ) ≃ C 1 (Σ g,1 ) and SL hb 1 (2g). Indeed, let G be a degree 1 clasper for Σ g,1 × I: the pair (Σ g,1 × I; G) defines an element of C 1 (Σ g,1 ). By applying F to this pair, we obtain a clasper G ′ of the same degree for (Σ 0,2g+1 × I) ∼ = 1 D 2 \ 1 2g : the triple ((1 D 2 , 1 n ); G ′ ) defines an element of SL hb 1 (2g). Moreover, though this bijection is not a homomorphism, it produces an isomorphism of Abelian groups C 1 (Σ g,1 )
b -SL hb 1 (2g). This follows from the following observation. 7 Let M i (i = 1, 2) be an element of C 1 (Σ g,1 ) obtained from Σ g,1 × I by surgery on the degree 1 clasper G i . The product M 1 · M 2 is sent to an element obtained from (1 D 2 , 1 2g ) by surgery on the union G ′ 1 ∪ G ′ 2 , where deg(G i ) = 1. But, up to Y 2 -equivalence, we can suppose that these two claspers lie in disjoint portions of the product D 2 × I:
(
. At the level of homology, the diffeomorphism F induces an isomorphism f between H g,1 and H 0,2g+1 . More precisely, f is defined by
x i → e 2i−1 and y i → e 2i , for all i = 1, ..., g.
Likewise, F allows us to identify the set of spin-structures Spin(Σ g,1 × I) ≃ Spin(Σ g,1 ) with Spin(Σ 0,2g+1 × I) ≃ Spin(Σ 0,2g+1 ). It follows that B (k) (Σ g,1 ) ≃ B (k) 0,2g+1 , for all k ≥ 1. In particular, the isomorphism B (3) (Σ g,1 ) ≃ B
(3) 0,2g+1 can be seen as follows: as seen in the proof of Lem. 4.3, the basis B g,1 and B 0,2g+1 for H g,1 and H 0,2g+1 define two (non-canonical) isomorphisms B (3) ≃ Λ 3 H (2) ⊕Λ 2 H (2) ⊕H (2) ⊕Z 2 . B
(3) g,1 is therefore identified term-by-term with B
(3) 0,2g+1 , using the isomorphism f : H g,1 -H 0,2g+1 . As the diagram space A 1 (P ) is isomorphic to the pullback Λ 3 H × Λ 3 (H) (2) B (3) , we have a commutative diagram A 1 (P g,1 ) -A 1 (P 0,2g+1 ) (D)
? 7 Similar arguments show that we actually have an isomorphism of Abelian groups C k (Σ g,1 ) ≃ SL hb k (2g), ∀ k ≥ 1. whose arrows are isomorphisms. By considering the inverse maps (in the sense of Theorems 5.2 and 3.4) of the vertical arrows of this diagram, we easily deduce the the following commutative diagram
? which shows that, via the isomorphism b, degree 1 invariants for homology cylinders over Σ g,1 correspond to those of 2g-string links in homology balls. More precisely, we deduce from diagram (D) the following result.
Lemma 5.5. The two following diagrams commute.
The first diagram recovers Habegger's Milnor-Johnson correspondence (at the lowest level). The second one completes this 'homology cylinders/string links' analogy, by showing that the Birman-Craggs homomorphism β and the homomorphism τ correspond under the same construction.
Proof of Lemma 5.5: Consider in diagram (D) the pullback projections A 1 (p) : A 1 (P ) --Λ 3 H, on the one hand, and A 1 (e) : A 1 (P ) --B (3) on the other hand. Recall from [MM, Lemma 4.22 ] that the diagram A 1 (P g,1 )
ψ 1 --C 1 (Σ g,1 )
A 
